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Abstract
Defining the observable Φ canonically conjugate to the number observable
N has long been an open problem in quantum theory. The problem stems
from the fact that N is bounded from below. Here we show how to define Φ
by suitably restricting the Hilbert space of x and p like variables. This Φ is
actually the absolute value of phase, has uniform distribution in any definite




In 1927, Dirac [1] proposed a phase observable , supposedly a canonical conjugate
to the number operator N = aya. The idea was to decompose the annihilation operator
in the following form: a = exp(−iΦ)N1/2. Many years later, Susskind and Glogower [2]
pointed out that such a procedure was not correct because Ey, dened by a = EyN1/2, is
not a unitary operator, and thus cannot be expressed as exp(−iΦ). Despite the nonunitary
nature of E and Ey, Carruthers and Nieto [3] have dened Hermitian \sine" and \cosine"
operators S = (1=2i)(E−Ey) and C = (1=2)(E+Ey), respectively. However, these operators
cannot represents the exact sine and cosine of the phase observable since, for example,
S2 + C2 6= 1. Since that time many new techniques have been developed to dene a phase
operator [4,5]. In a number of theories, such as Susskind and Glogower’s [2], the Barnett and
Pegg formalism [6], etc, the Hermitian phase operator is not well dened. Some other theories
do not pass the Barnett and Pegg \acid-test" [7]: the eigenstates of the number operator
do not represent states of indeterminate phase. In an excellent critical review, Lynch [5]
argues that there is as yet no satisfactory solution to the quantum phase problem. In the
present work we devise a new approach which succeeds in giving the canonical conjugate to
the number operator.
Two problems arise in the construction of a phase observable. The rst one (also the
easier to overcome), is that the phase operator Φ is supposed to be an angle operator. Hence,
it is restricted to a nite interval which is chosen, somewhat arbitrarily, to be (−; ]. Thus,
the matrix elements of [N;Φ] in the number state basis jni,
hnj[N;Φ]jn0i = (n− n0)hnjΦjn0i (1)
vanish for n = n0 because jhnjΦjnij  . This implies that [N;Φ] 6= i so that Φ is not
canonical to N. The same problem appears also in the commutation relation of an angular
momentum Jz component and its associated angle Θ [8,9]. The solution to this last problem
is well known: the commutation relation is to be changed to
[Jz;Θ] = ih (1− (Θ− )) ; − <   ; (2)
where Θ can be expressed as a 2-periodic function of an unrestricted angle operator [5].
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The second problem arises due to the fact that the number operator is bounded from
below. As we now show, the commutation relation like (2) does not hold.
The matrix elements of [N;Φ] taken now in the phase basis ji,
hj[N;Φ]j0i = (0 − )hjNj0i = i(− 0); − < ; 0 <  (3)
imply that
hjNj0i = −i(− 
0)




Dening a state j i = ∫ pi−pi d  ()ji in the basis of the phase states ( () is a complex
function of ), we nd the expected result
















Thus, for  () = 1
2pi
exp(−in) we nd the desired result h jNj i = n, but for  () =
1
2pi
exp(+in) Eq. (5) implies that h jNj i = −n. Furthermore, if  () =  (−) or  () =
− (−) then h jNj i = 0 which implies that Nj i = 0 since N is supposed to be a positive
dened operator. That is, the vacuum state jn = 0i is degenerate. This argument shows
why Eq. (2) cannot hold for a number operator which is bounded from below.
Hence, it is the fact that N is bounded from below which makes the denition of a phase
operator problematic. Moreover, if something like Eq. (2) does not hold, one can raise the
question about the meaning of \canonical conjugate". How can we dene the canonical
conjugate to N without rst stating the commutation relation?
Here we describe a new technique for dening the canonical conjugate to N. The idea is
to start from two observables which are canonically conjugate in the traditional way, namely,
x and p, and that operate on a Hilbert space which is spanned by the eigenstates of x, or
equivalently those of p . Then after introducing some conditions (periodicity, symmetries,
etc...), the continuous spectrum of p is transformed into the spectrum of a number operator.
Then, the corresponding p and x in the new subspace play the role of number N and phase
Φ operators, respectively. As we shall see below, there is no \simple" commutation relation
(like Eq. (2)) for N and Φ.
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It is interesting to show rst that the requirement of periodicity alone yields the rotation
angle operator of the plane rotator. We shall see that the angle operator and its canonical
conjugate, the angular momentum, satisfy Eq. (2). That is, the problem of a free particle
in a box (with periodic surface conditions) is equivalent to the problem of a plane rotator.
This motivates us to add the symmetry of reflection and so obtain the canonical conjugate
to the number operator.
We start with the denition of the Hilbert space of a particle in a free one dimensional
space
H = spanfjxigx=+1x=−1 = spanfjpigp=+1p=−1 (6)
where jxi and jpi are sets of orthogonal eigenstates of the position and momentum observ-




x jxihxj dx p =
∫ 1
−1
p jpihpj dp (7)
where the projection of jpi on jxi is given by:
hxjpi = (2)−1/2 exp (−ixp=h) (8)
so that [p;x] = ih. We do not use the conventional [p;x] = −ih due to the analogy to be
shown later with N and Φ.
Consider now the subspace HL  H dened by the condition that j i 2 HL if hx −
L=2j i = hx+L=2j i. This periodicity condition implies that the uncertainty in the location
of the particle is innity. Hence, instead of working with −1 < x < +1, we shall restrict
the domain of x by dening xnew = x mod L so that −L=2 < xnew  +L=2. Hence,
the uncertainty in the location of the particle is now nite. Note that HL = spanfjxnewig
describes the Hilbert space of a particle in a box of size L. If jpi 2 HL then hx− L=2jpi =
hx+L=2jpi and according to Eq. (8) we nd that p must be of the form pn  2hn=L where
n = 0;1;2; :::. It is easy to show that any state j i 2 HL is a superposition of the jpni’s
i.e. HL = spanfjpnign=+1n=−1.
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where we have dropped the subscript new from x and p. It is interesting that even though,
in analogy with Eq.(8),
hxjpni = L−1/2 exp (−ixpn=h) ; (10)




















n,n′ − e− iL2h¯ (pn−pn′)
]
jpnihpn′j








The commutation relation here between the dimensionless operators Θ  2pi
L
x andN  L
2pih¯
p
is thus exactly the same as Eq. (2).
Note that N can have negative eigenvalues. Thus, Jz  hN and Θ can be interpreted as
the angular momentum and the rotation angle of a plane rotator, respectively. The matrix









n− n0 (1− nn′); (12)
where we have used Eq. (10). The same matrix elements have been obtained by Galindo [10]
and can be obtained also from an earlier work by Garrison and Wong [11]. Garrison-Wong-
Galindo (GWG) theory claims that the angle operator Θ given by Eq. (12) is canonically
conjugate to the number operator and not to the angular momentum Jz. However, GWG
theory does not pass the Barnnet and Pegg \acid-test" because they perform calculations
with only positive eigenvalues of Jz. In our method, no such problem arises since Eq. (10)
implies that the angle distribution in a momentum (number) state is uniform: Pn() =








The next step in our procedure is to add a condition which will dene a new subspace
of HL in which the momentum operator has only positive eigenvalues! However, in order
to make the problem clearer, we shall rst nd the relevant subspace of the original Hilbert
space H (i.e. a subspace with continuous positive momentum). In the same way as we
made x bounded by demanding periodicity we shall make here p positive by demanding
symmetry upon reflection in p-space. As we shall see in the following, this requirement
leads to a symmetry in the x-space as well.
The subspace H+ is dened as follows: for all j i 2 H+  H and for all jpi 2 H,
hpj i = h−pj i. That is, all states in H+ are even in the momentum space. Furthermore,
any such state be written as j i = ∫1−1 dx  (x)jxi. Thus, Eq. (8) and the requirement







for all p. Therefore, for j i 2 H+,  (x) is even in x (i.e. hxj i = h−xj i).
One can easily verify that jxi and jpi themselves do not belong to H+, but jxi+ 
1
2
(jxi+ j − xi) and jpi+  1
2
(jpi+ j − pi) do. The jxi+ and jpi+ states describe (physically)
the position and momentum eigenstates in H+, since +hxj i = hxj i and +hpj i = hpj i
for all j i 2 H+. Thus, fjxi+g and fjpi+g are two bases of H+. In H+ the orthonormality
conditions are given by
+hxjx0i+ = 1
2
((x− x0) + (x+ x0)) and +hpjp0i+ = 1
2
((p− p0) + (p+ p0)) : (14)
However, the projection of jpi+ on jxi+ is dierent from Eq. (8) and is given by
+hxjpi+ = (2)−1/2 cos (xp=h) : (15)
Now, since jxi+ = j − xi+ and jpi+ = j − pi+ we can restrict our Hilbert space to the
domain p  0 and x  0. This is exactly the same idea as restricting the domain of x from





2jxi+ and jpi+ −!
p
2jpi+ (16)
for x and p greater then zero. For jx = 0i+ and jp = 0i+ no change is needed. Hence,
+hxjx0i+ = (x− x0) for x; x0 > 0 and +hxjx0 = 0i+ = 2(x) (17)





x jxi+ +hxjdx p+ =
∫ 1
0
p jpi+ +hpjdp: (18)











dx cos (xp=h) jxi+ (19)
which are consistent with Eq. (17).
One can also verify that [x+;p+] 6= ih; it is actually impossible to express the commutator
in such a simple form. Nevertheless, x+ and p+ are observables which are canonically
conjugate. They represent the momentum and the position of the particle in the half-
spaces. It should be clear that in the process of \making" p positive, its canonical conjugate
x turns out to be positive too! It is impossible to cut half of the momentum space without
changing the position space. The idea that in half space x  0 the momentum is positive,
means that free particles move towards x!1 but not towards x = 0 (because x < 0 is not
dened). As we shall see this means that since the number operator is positive, its canonical
conjugate will be also positive, i.e. the domain of the phase operator will be changed from
(−; ] to [0; ].
In order to obtain a phase operator we dene a new Hilbert space, H+L  HL\H+. That
is, if j i 2 H+L then hpj i = h−pj i and hx− L=2j i = hx+ L=2j i for any jpi,jxi 2 H. In





pn jpni+ +hpnj where pn = 2hn=L: (20)
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The relation between the two bases fjxi+g and fjpni+g is
+hxjpni+ =
√
4=L cos (xpn=h) for n 6= 0 and +hxjpn=0i+ =
√
2=L; (22)
where we have used Eq. (15) with the correct normalization. Eq. (22) can also be obtained
by interchanging 2 $ L in Eq. (19).




























It can be shown that the above equation is consistent with the normalization conditions
hj0i = (− 0) for 0 < ; 0   and hj = 0i = 2().
Eq. (24) implies that the distribution of the phase in a number state jni is given by
Pn=0()  jhn = 0jij2 = 1






(1 + cos(2n)): (25)
Thus, the average of m (m = 0; 1; 2:::) in a number state is given by:










which is identical to the average of m in a classical uniform phase distribution P () = 1=.
Eq. (26) leads to hnjf(Φ)jni = hf()iclassical for any analytical function f(). This shows
that N and Φ are canonically conjugate observables. That is, the eigenstates of the number
operator, jni, represent states of indeterminate phase. Our theory passes the Barnett and
Pegg \acid-test".
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The matrix elements of Φ in the jni basis are determined from its denition in Eq. (23)
and from Eq. (24)
hnjΦjn0i = hn0jΦjni =


=2 for n0 = n
−2p2−1n−2 for n0 = 0; odd n
−2−1 ((n+ n0)−2 + (n− n0)−2) for n; n0 > 0; odd n+ n0
0 otherwise:
(27)
By comparing our method with that of Carruthers and Nieto [3], we nd a correction to the
\phase cosine" C  1
2


















2)(j0ih2j+ j2ih0j) + 1
4
(j0ih0j − j1ih1j); (28)
where the projectors involving number eigenstates j0i; j1i; j2i can be neglected for states
with hNi  1.









Neiθ is the eigenvalue of the annihilation operator a. It can be shown (to be

















s2 − 1 = j sin j
hγj cos(Φ)jγi ! cos 
hγj cos2(Φ)jγi ! cos2 
hγj sin2(Φ)jγi ! sin2  (30)
where the last three limits can be obtained from Eq. (28). These results prove useful for
establishing that Φ has the correct large-eld correspondence limit. The rst two limits
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in Eq. (30) show that the canonical conjugate to the number operator corresponds to the
absolute value of the phase.
It was suggested by Pegg and Barnett [6] to calculate all physical results in a nite
dimensional space and only then to take the limit of the dimension to innity. In our model,
a nite dimensional space can be obtained by adding to HL the requirement of periodicity in
the momentum space. In such a Hilbert space the momentum is restricted by −m  n  m
or, equivalently 0  n  2m. However, the limit m!1 can be carried out only in the case
where −m  n  m and not in the case where 0  n  2m (this will be shown in future
work). Hence, in order to obtain positive n we must require symmetry upon reflection, and
not periodicity in the momentum space.
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